We have developed a general statistical procedure for analysis of two-and three-dimensional (2D and 3D) finite patterns. A previous application to the data from Gaia-ESA catalogue DR1 has shown high sensitivity to the statistical occurrence of binary and ternary star systems. In the present study we analyze the data from recently released catalogue DR2, where the use of parallaxes enables to determine the 3D position of the sources. Corresponding patterns represent an input for 3D analysis. The 2D analysis very clearly confirms our former results on the presence of binaries. At the same time, we demonstrate that the new 3D analysis also proves a high rate of binaries in the region under study. Moreover, the 3D statistical analysis allows us to estimate a high limit of separation of binaries in the same region: ∆max ≈ 0.1pc.
INTRODUCTION
In this paper we continue the statistical analysis of the spatial distribution of stars. Our previous paper [6] was based on 2D analysis of data obtained by Gaia-ESA mission and released in DR1 catalogue [2, 3] . In the present study we use the recent catalogue [4] , which contains the cleaner data complemented with parallaxes and data on the 2D proper motion. Parallaxes allow us to determine the distance of the star, therefore we can enlarge our analysis and work with the 3D star patterns. It is the main aim of the present paper.
The methods of 2D analysis have been described in detail in the previous paper. In Sec.2.1 we shortly explain their essence and perform generalization for the 3D case. For 2D analysis in Sec.2.2 we take the same region in DR2 catalogue as we used in the DR1, so we can compare results from both corresponding data sets. Principal results are obtained from the 3D analysis of a sample of DR2 data and are presented in Sec.2.3. The brief summary of the paper is presented in Sec.3. The appendix is devoted to the derivation of distribution of separations of random sources uniformly distributed inside circles or spheres of unit diameter. Importance of these functions for data analysis is explained in Sec.2.1.
STATISTICAL ANALYSIS OF GAIA DR2 DATA SET

Methods
We deal with the methods of analysis applied in the previous paper [6] , which was devoted to the analysis of DR1 data set. So, we analyze set of events -2D patterns of the sources inside circles of the radius ρ covering the chosen region of the sky, as sketched in Fig.1(left) .
The first method is based on the Fourier analysis of 2D events, where have we introduced characteristic functions Θ n (M ) depending on the event multiplicity M . These functions are generated by a set of events and measure statistical deviations from uniform distribution of stars (Θ n (M ) = 1), for instance a tendency to clustering (Θ n (M ) > 1) or anticlustering (0 < Θ n (M ) < 1).
With the use of second, complementary method we analyze distributions of distances of sources inside the 2D events. We shall use either absolute distances
or the scaled onesx
FIG. 1: Grids of 2D (left) and 3D (right) events with uniform distributions of the stars.
• where x i , y i are coordinates of a star in the event reference frame defined by the centre of event circle, ρ is its radius. Suitable unit of the parameters x i , y i , ρ will be for our purpose 1 . Distribution of scaled distances generated by Monte-Carlo (MC) for uniform distribution of stars in the sky is shown in Fig.2 . The exact shape of normalized MC distributions reads
where the functions EllipticK (EllipticE) are complete elliptic integrals of the first (second) kind. The proof is given in Appendix A. These distributions do not depend on the event multiplicity and radius, this is an advantage of the scaled distances. Obviously, we have always 0 <ξ < 1. These exact functions replace their approximations resulting from MC calculation applied in the previous paper.
Since the DR2 catalogue involves also data on parallaxes, we can create and analyze the 3D events -patterns of the sources of multiplicity M inside the spheres of radius ρ covering chosen region of the galactic space, as indicated in Fig.1(right) . Local coordinates in 2D events were defined in [6] , Sec.2.1. For 3D events this definition is modified, instead of {x i , y i } in eq.(4) we define local coordinates {X i , Y i , Z i } as where D i is the distance of the star calculated from the parallax, D 0 is the distance of the centre of the event sphere, ρ is its radius. In this way, the coordinates {X i , Y i , Z i } represent the position expressed in the local orthogonal basis {k l , k b , k r } defined by the centre of the event sphere. Similarly, as in the 2D case, we shall work with absolute distances
and/or with scaled onesX
Suitable unit of the parameters X i , Y i , Z i , ρ will be for our purpose 1pc. Distribution of scaled distances generated by MC from the uniform distribution of stars in 3D region of sky is shown in Fig.3 . Exact shapes of these normalized MC distributions read
as proved in Appendix A. Shapes of these distributions similarly to (3), (4) do not depend on event multiplicity and radius. The analysis with the help of functions Θ n (M ) could be in 3D case done separately in the plains XY, Y Z and ZX. However, such analysis is not the aim of the present paper. In Sec.2.2 using the DR2 data set we obtain the characteristic functions Θ n (M ), afterwards we check distributions (3) and (4). The distributions (10)−(12) will be used for the data analysis in Sec.2.3. All these distributions are of key importance for the analysis of real data. They represent the templates, which can reveal a violation of uniformity in the star distributions. Binary (and multiple) star systems can be an example of such a violation. In general, the scale of expected structure violating uniformity should be less than the event radius ρ.
Analysis of 2D patterns
Here we present the results obtained from regions of DR2 catalogue marked in Fig.4 . The corresponding events are created with the same angular radius as in [6] , which allows us to easily compare results from the DR1 and DR2 catalogues. First, we checked the events covering the regions N&S. Their non-uniformity defined by the characteristic functions Θ n (M ) is demonstrated in Fig.5 . The clear result Θ n (M ) > 1 indicates the presence of clustering. Corresponding distributions of angular distances are shown in Fig.6 together with curves (3), (4) . These results can be compared with those in figures 7. (lower panels), 10. and 11. in [6] . We observe:
i) The peaks at small angular distances in the DR2 corresponding to binaries are clearer, more pronounced than in the DR1 catalogue. Panels e,k in Fig.6 demonstrate the double stars separated by d ij 0.5 are absent because such close pairs are not resolved in the DR2 data set as reported in [1] . In both catalogues, we observe an excess of binaries in the region N&S ford ij 0.06 or equivalently for d ij 8.6 . For greater separations inside the event, we observe perfectly uniform distributions of stars. Note the data and curves are equally normalized for 0 <ξ < 1. That is why the strong peak in panels g,h,i is balanced by a small reduction of distribution beyond the peak. Brighter stars (G ≤ 15, panels g,h,i,j,k,l ) show evidently stronger peaks than sample without any cut on magnitude (panels a,b,c,d,e,f ). A similar tendency was observed already in the catalogue DR1.
ii) More pronounced presence of binaries is demonstrated also in Fig.5 . The slopes of lines in DR2 are greater than in DR1 -clustering is more obvious.
In Fig.7 we have shown the results obtained in a more populated region C. Also here we can observe a clear peak at small angular separations of sources of the magnitude G ≤ 15, which proves the presence of binaries. Panel b again demonstrates the absence of double stars separated by d ij d ij 0.5 (0.007) due to insufficient resolution. Different scales ofd ij in Figs.6l and 7c are due to different radii ρ of events from N&S and C regions. Denser region C is more populated by remote stars, which is a reason why the peak of binaries is higher in the sparse region N&S (cf. [1] ).
Analysis of 3D patterns
Now we present the results obtained from 3D region defined in Tab.I. The summary results of the analysis obtained from all magnitudes G are shown in Fig.8 . Distributions of scaled distances in panels a,b,c,g,h perfectly agree with the uniform distribution of sources with exception of very small distancesξ 0.025, or equivalently ∆ ij 0.1pc. The apparent excess of very close pairs in planes XY, Y Z, ZX is seen in panels d,e,f. The peak is most noticeable in plane XY (panel d ). Smearing in direction of Z (difference of radial positions, panels e,f ) is due to lower accuracy of measuring of parallaxes. That is why we prefer distributions of ∆ ij to D ij for obtaining precise results. Maximum values of distances X, Y, Z is 4pc, which follows from event radius ρ =2pc. The excess of close pairs is obvious also from the distribution of∆ ij in panel h. The ratio of the distribution∆ ij to the uniform simulation from panel h is shown in logarithmic scale of ∆ ij in panel i. Lower panels j,k represent a magnified version of panels d,h in the region of peaks. Obviously, the panels i,j,k demonstrate the excess of close pairs most explicitly. The same distributions but for brighter sources G ≤ 15 are shown in Fig.9 . More pronounced peaks for brighter sources G ≤ 15 are probably due to higher effectivity and precision of registration of close pairs. The excess of close pairs observed in both figures again indicates presence of binaries. Similarly, as in the 2D case, the peaks are stronger for brighter sources and distributions beyond the peaks confirm uniformity of the star distribution. Panels i in Figs.8,9 show equally that separations of binary systems in analyzed region satisfy
The probability of binary star systems is high and further increases for ∆ ij 0.015pc. However, we observe only a tail of distribution corresponding to most separated binaries, closer pairs are absent due to the limited angular resolution in DR2 data. We have checked that sampling with events generated by spheres of different radius (ρ = 5pc) does not change the threshold (13). For binary star system, Kepler's law of periods implies
where G is gravitational constant and M = M 1 + M 2 is mass of star system. For units
the relation is modified as
For example, if we assume M ≈ 2 and separation ∆ max from data (13), then
Obviously, binary stars with the same separation and mass < M could have an even longer period.
SUMMARY AND CONCLUSION
We have proposed a general statistical method for analysis of finite 2D and 3D patterns. Each pattern (event) consists of the stars located inside the circle or sphere of the same radius. In the present paper, the method has been applied to the study of binary star systems in different regions of the Gaia catalogue DR2. In fact, the method allows us to obtain substantial information on the occurrence of binaries without knowledge of their mutual motion. Results on 2D statistical analysis were compared with our former results obtained from the previous catalogue DR1. The new results give in the distribution of angular separations a more clear evidence of peaks for close pairs. These peaks confirm the presence of binary star systems. More pronounced peaks are again observed for brighter sources, G ≤ 15. Independent signature follows from the characteric functions Θ n (M ), which clearly indicate a tendency to clustering -inside the events of defined (small) radius corresponding to lower multiplicities. The principal results of the present study are obtained from the 3D analysis of events inside the cube of edge 400pc centred at the origin of the galactic reference frame. The distributions of real distances are most precisely reproduced by means of variables ∆ ij and∆ ij (or by the corresponding 2D distribution of X ij , Y ij ). We again observe the sharp peaks at small separations corresponding to binaries, which are also here more striking for brighter sources, G ≤ 15. From these distributions one can extract a maximum separation of binaries ∆ max ≈ 0.1pc, valid in the region under study. At the same time in the rest of interval, ∆ max , 2ρ , we observe a perfect agreement with uniformity of the star distribution. Appendix A: Proof of relations (3), (4), (10), (11) and (12) i) Relation (3) First we consider two random points on a segment L. The probability that the points are separated by interval l reads:
Further, we suppose a circle of diameter 2R = 1 with a chords L(y) involving random segment l (Fig.10) . We have
The probability of interval l reads
This distribution is generated by random pairs on the chords parallel to axis x. For arbitrary random pairs separated by l inside the circle, we integrate distributions (A3) over all directions in 2D and replace
which gives distribution P (l)dl → P (l)dl ∼ P (l)ldl, 0 < l < 1.
Relation (3) is its normalized form. ii) Relation (4) Distribution (A5) can be modified
Calculation of integral
with the use of [5] and after replacement l x →ξ and normalization gives relation (4). iii) Relation (10) Now instead of circle 2R = 1, we consider the sphere of the same radius. The procedure is a modification of the case i). Now instead of integral (A3) we get
where y means radius of a cylinder of parallel chords. The additional y in the integral means that we integrate chords on surfaces of cylinders of different radii. Then instead of (A4) we use
since the integration of chords is over all directions in 3D. Resulting distribution reads
which after normalization gives relation (10). iv) Relation (12)
Probability P (l) of random segments l = l 2 x + l 2 y + l 2 z inside the sphere can be expressed as
which together with (A10) gives
The probability that segment l has projection l x is given as
The last integral (equally for l y , l z ) can be after inserting from (A12) easily calculated, and after normalization gives relation (12). v) Relation (11)
In a similar way, the probability that segment l has projection ∆ = l 2 x + l 2 y is given as
which after inserting from (A12) and integration with the use of [5] implies relation (11).
